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Non Commutative Geometry (NCG) is considered in the context of a charged particle moving in
a uniform magnetic field. The classical and quantum mechanical treatments are revisited and a new
marker of NCG is introduced. This marker is then used to investigate NCG in magnetic Quantum
Walks. It is proven that these walks exhibit NCG at and near the continuum limit. For the purely
discrete regime, two illustrative walks of different complexities are studied in full detail. The most
complex walk does exhibit NCG but the simplest, most degenerate one does not. Thus, NCG can
be simulated by QWs, not only in the continuum limit, but also in the purely discrete regime.
I. INTRODUCTION
Quantum Walks (QWs) are automata defined on
graphs and lattices. They were first considered by Feyn-
man in studying possible discretizations for the Dirac
path integral [1, 2]. They were later introduced in a sys-
tematic way by Aharonov et al. [3] and Myers [4]. QWs
are useful in quantum information and algorithmic devel-
opment [5–7] because they are a universal computational
primitive.They are also important for quantum simula-
tion [8] and they have been realised experimentally in a
number of ways [7] which include cold atoms [9], photonic
systems [10, 11] and trapped ions [12].
There is now a growing literature on the geometri-
cal aspects of QWs. QWs can indeed be used to simu-
late Dirac fermions interacting with arbitrary Yang-Mills
gauge fields [13, 14] and arbitrary relativistic gravita-
tional fields [15–19]. In particular, exact discrete gauge
invariant Yang-Mills field strengths can be built with
QWs [20], and one can even construct a discrete coun-
terpart to the Riemann curvature tensor [21]. Also, dis-
cussions of the Lorentz invariance of QWs can be found
in [22–25] and the symplectic discrete geometry behind
some QWs has been presented in [24].
Now, what about Non Commutative Geometry
(NCG)? NCG, which has been introduced more than
seventy years ago [26], has become an important part
of modern physics, arising in contexts as diverse as the
quantum Hall effect [27], fluid dynamics [28, 29], string
theory and M-theory [30]. Yet, there is no discussion in
the literature of a possible quantum simulation of NCG.
This is all the more surprising because the simplest
example of NCG in physics can be found in the so-called
Landau problem [31–33], which describes the dynamics
of a point particle (electron) in a uniform and constant
magnetic field, and QWs have been proposed to simulate
this problem [34], together with possible experimental
realisations through cold atoms [35].
The aim of the present article is to show that QWs
can be used to perform a quantum simulation of NCG.
We focus on the Landau problem and start by revisiting
NCG, first in the context of classical mechanics, then in
the context of non relativistic spinless quantum mechan-
ics. Addressing these relatively simple situations allows
us to develop an intuition about NCG in the Landau
problem and we also set up the tools that will be useful
in the rest of the article. We then switch to QWs, focus-
ing on thee so-called magnetic QWs, which can simulate
the relativistic quantum Landau problem. We show that
magnetic QWs at and near the continuum limit do re-
alise NCG. We then explore the purely discrete regime
through two relatively simple examples where all com-
putations can be carried out at least semi-numerically,
if not analytically. The most complex walk does exhibit
NCG but the simplest, most degenerate one does not.
Moreover, the discrete NCG, when it occurs, displays a
non-linearity and a purely local (as opposed to global)
character that the continuous NCG does not. We finally
summarise and discuss all results in the last section. The
general conclusion is that QWs, both in their continuum
and purely discrete regimes, can simulate NCG.
II. SPINLESS PARTICLE
II.1. Classical mechanics
Consider the planar motion of a point charge e of mass
m submitted to a constant and uniform magnetic field B
perpendicular to the plane of motion. The equations of
motion read
x¨ = ωy˙
y¨ = −ωx˙ (1)
where x and y are two orthonormal coordinates in the
plane, ω = eB/m m and a derivation with respect to
the time t is designated by a dot. The complex velocity
V = x˙+ iy˙ obeys V˙ = −iωV , which leads to
V (t) = V0 exp(−iωt), (2)
where V0 = v0x + iv0y is the initial complex velocity.
Integrating the expression for V (t) delivers
X(t) = −iV0
ω
exp(−iωt) +Xc, (3)
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2where X(t) = x(t)+ iy(t) and Xc = xc+ iyc is a complex
integration constant. Equation (3) leads immediately to
| X(t)−Xc |2=
(
x(t)− xc
)2
+
(
y(t)− yc
)2
= R2 (4)
with R =| V0 | /ω. The variable X(t) oscillates harmon-
ically around its time-average Xc and the trajectory of
the particle is a circle of radius R centred on (xc, yc).
It is possible to consider that X(t) is approximately
equal to Xc at all times if | X(t)−Xc | / | Xc | 1 i.e. if
the amplitude of the oscillations is very small compared
to Xc.. This translates into | V0 | /ω | Xc |.
The Lagrangian L and the Hamiltonian H for a parti-
cle moving in an electromagnetic field involve the vector
potential A [36], so writing L and H makes it necessary
to choose a gauge for A. We choose the so-called longi-
tudinal gauge, where Ax = 0 and Ay = −Bx, and the
Lagrangian then reads
L(x, y, x˙, y˙) =
m
2
(
x˙2 + y˙2
)
+ eBxy˙. (5)
The momenta conjugate to x and y are px = mx˙ and
py = my˙ + eBx, and the Hamiltonian reads
H(x, y, px, py) =
1
2m
(
p2x + (py − eBx)2
)
. (6)
As shown previously, the 2-degrees of freedom Hamil-
tonian system is integrable. It thus admits at least two
independent first integrals. All trajectories are actually
bounded and periodic (as opposed to pseudo-periodic),
so there are actually three independent first integrals.
The first of these is obvious, it is the time-independent
Hamiltonian, which represents the conserved kinetic en-
ergy of the particle. The second integral is nearly as
obvious, but its interpretation is not. Since L (and H)
do not depend explicitly on y, the momentum py is con-
served. Using the integrated expressions for V and X
given above shows that, on the motion, py coincides with
eBxc = mωxc. The final first integral is px+mωy, which
coincides on the motion with mωyc.
Non commutative geometry i.e. non commutation of x
and y appears when one approximates the circular trajec-
tory of the particle by its center i.e. neglects the oscilla-
tions in the variable X. Consider indeed the Lagrangian
L˜ defined by
L˜(x, y, x˙, y˙) =
m
2
x˙2 + eBxy˙, (7)
which can be obtained from L by neglecting m2 y˙
2 com-
pared to m2 x˙
2. The momentum p˜x is identical to px =
mx˙ but p˜y = eBx = mωx. This relation is a first class
constraint. It makes the x variable proportional to p˜y,
which has a non vanishing Poisson bracket with y. If one
were to follow Dirac’s procedure to quantize the dynamics
of L˜, the first class constraint would have to be enforced
on the physically admissible states, ensuring that, for
these states, the operator x is always proportional to the
operator p˜y, which does not commute with the operator
y. The equations of motion derived from L˜ reveal how
this non commutative geometry relates to neglecting the
spatial oscillations of the variable X(t). The y-equation
of motion derived from L˜ is ˙˜py = 0, which implies x˙ = 0,
so x = xc and the x-equation of motion is ˙˜px = eBy˙,
which is equivalent to mx¨ = eBy˙. Since x = xc, this
implies y˙ = 0 ie. y = yc.
Let us end this discussion by pointing out that the
point xC+iyC is actually the exact time average of X(t).
We will see in the next section that NCG in the quan-
tum mechanical treatment of the Landau problem can
also appear in two different, but related manners, one
which relies on neglecting the width of a wave-function,
which is the quantum mechanical equivalent of neglect-
ing the classical amplitude of oscillations, and one which
relies on an averaging, and which does not entail any
approximation.
2.2 Quantum mechanics
Coordinates, momentum components and Hamiltonian
become the operators xˆ, yˆ, pˆx, pˆy and Hˆ. The Hamilto-
nian Hˆ commutes with pˆy because pˆy generates transla-
tions in the y direction and Hˆ is independent of yˆ. We
therefore search for eigenstates of both Hˆ and pˆy and
denote them by | E, p >. As well-known, the spectrum
of pˆy is the set of real numbers R. For each real num-
ber p, let Hp be the subspace spanned by vectors of the
| ..., p >. On Hp, the Hamiltonian operator coincides
with Hˆp given by
Hˆp =
1
2m
pˆ2x +
mω2
2
(xˆ− xˆ(p))2 (8)
where ω = eB/m (as in the previous section) and xˆ(p)
is the operator which, in the x-representation, coincides
with the multiplication by x(p) = p/(eB) = p/(mω).
The reduced Hamiltonian Hˆp thus generates the dy-
namics of an harmonic oscillator of mass m and pul-
sation ω, centred on x(p). The energy eigenstates of
Hˆp are non-degenerate, indexed by n ∈ N, with eigen-
values (Ep)n = (n + 1/2)~ω independent of p. The
wave-function of the state | (Ep)n, p > is the product
of a Gaussian by a Hermite polynomial, both centred on
x(p). It is either symmetric (even n) or antisymmetric
(uneven n) with respect to x(p) and has typical width
| x − x(p) |∼ ((n+ 1/2)~/(mω))1/2 = (n + 1/2)1/2a
where the length a =
(
~/(mω)
)1/2
is also independent
of p. The eigenvalue p of py thus enters the eigenstate of
Hˆp only through the shift x(p).
In any given sate, the coordinate x can be viewed a
random variable with probability law given by Born’s
law. Since the eigenfunctions are either symmetric or
3antisymmetric with respect to x(p), the average value of
x in any eigenstate | (Ep)n, p > is identical to x(p), which
is proportional to the y-momentum p. Now, the average
of x is, be definition, the expectation value of the oper-
ator xˆ, which we denote by < xˆ >. Thus, averaging or
taking the expectation value delivers non commutative
geometry in the sense that, on the energy eigenstates,
[yˆ, < xˆ >] = i~/(mω), as can be checked directly on the
wave-functions. This is true for all values of the param-
eters.
Non commutative geometry also appears without aver-
aging, but at the cost of an approximation. Suppose the
width | x − x(p) | of the wave-function is much smaller
than x(p) i.e. if | eB | p2/(~(n + 1/2)2). The proba-
bility law for x is then essentially a Dirac distribution on
x(p), and one gets [yˆ, xˆ] ' i~/(mω).
III. QUANTUM WALKS
III.1 Magnetic Quantum Walks
A discrete time QW simulating on a cartesian space-
time grid the 2D motion of a particle immersed in a con-
stant and uniform magnetic field has been proposed in
[34]. Let j ∈ N be the discrete time and (q, r) ∈ Z2 be
the discrete position on the 2D grid perpendicular to the
magnetic field B. The equations defining the walk read:
ψLj+1,q,r = e
2iαqc−
[
c+ψLj,q+1,r+1 + is
+ψRj,q−1,r+1
]
+ie−2iαqs−
[
is+ψLj,q+1,r−1 + c
+ψRj,q−1,r−1
]
ψRj+1,q,r = ie
2iαqs−
[
c+ψLj,q+1,r+1 + is
+ψRj,q−1,r+1
]
+e−2iαqc−
[
is+ψLj,q+1,r−1 + c
+ψRj,q−1,r−1
]
(9)
where ψL/R are the two components of the ‘spinor’,
αq = 
2eBq/(2~), c± = cos θ±, s± = sin θ± with
θ± = ±pi/4 − m/(2~) and  is a real positive param-
eter of the walk. An interesting continuum limit can be
obtained by defining tj = j, xq = q, yr = r, assuming
analyticity in  and letting  tend to 0. This delivers
~(∂t − ∂x)ψL − i(~∂y + ieBx−m)ψR = 0
i(~∂y + ieBx+m)ψL + ~(∂t + ∂x)ψR = 0, (10)
which is the Dirac equation describing the planar motion
of a spin 1/2 charge e immersed in the magnetic field B
orthogonal to the plane of motion. The velocity of light
c is set to unity in the whole article.
To investigate if NCG appears, we search for stationary
states of the QW (or of the Dirac dynamics) which are
also eigenstates of the momentum operator pˆy. We thus
write Ψpj,q,r = Φj,q exp(−ip2r/~) and obtain for Φ the
equations:
φLj+1,q = e
2iβqc−
[
c+φLj,q+1 + is
+φRj,q−1
]
+ie−2iβqs−
[
is+φLj,q+1 + c
+φRj,q−1
]
φRj+1,q = ie
2iβqs−
[
c+φLj,q+1 + is
+φRj,q−1
]
+e−2iβqc−
[
is+φLj,q+1 + c
+φRj,q−1
]
(11)
with βq = αq − 2p/(2~) = eB(xq − x(p))/(2~). The
evolution of Φ is thus a p-dependent QW on the line.
Nevertheless, for readability purposes, the retained no-
tation does not make the dependance of β and Φ on p
explicit. At the continuum limit, the equations for Φ
read:
~(∂t − ∂x)φL + (eB(x− x(p)) + im)φR = 0
(−eB(x− x(p)) + im)φL + ~(∂t + ∂x)φR = 0. (12)
The expression of βq above, and the appearance of the
difference x − x(p) in the continuum limit Dirac equa-
tion suggest that NCG is also present in the discrete
time QW and, in particular, in the Dirac equation. To
prove or disprove that intuition, one needs to look at the
energy-eigenstates of the dynamics. This can be done
exactly at the continuum limit and at first order around
this limit, but there does not seem to be a general ex-
pression for these states, valid for all values of the walk
parameters. We therefore start by a general presentation
of NCG at the continuum limit and at first perturba-
tion order around this limit, and then switch to exam-
ples which illustrate possible behaviours of the QW in
the purely discrete regime.
III.2 NCG at and near the continuous limit
The energy eigenstates for Φ have been computed in
[13] at first order in the perturbation parameter  around
the continuum limit  = 0. After a change of orthonormal
basis in spin space, the components of these eigenstates
are, at zeroth and first order in , even or uneven func-
tions of x − x(p), so the average < x > is identical to
x(p). Thus, as for the spinless non relativistic quantum
mechanical problem, [yˆ, < xˆ >] = i~/(mω) at zeroth and
first order in  i.e. at and near the continuum limit.
In the new spin basis, the typical spatial extensions
of the components of the eigenstate labeled by n are(
(n+ 1/2)a
)1/2
and
(
(n− 1/2)a)1/2 where a = ~ω. Both
these extensions are much smaller than | x(p) | if | eB |
p2/
(
~(n+ 1/2)2
)
, which is the same condition as the one
found in the quantum mechanical treatment. If this is re-
alised, then [yˆ, xˆ] ' i~/(mω) and one gets again NCG.
Thus, at and near the continuum limit, QWs essen-
tially behave as solutions of the Schro¨dinger equation, as
far as NCG is concerned. In other words, and perhaps
4unexpectedly, taking spin and special relativity into ac-
count does not bring anything new to the NCG discus-
sion, even at first order in . Things however change
when one considers NCG in the purely discrete regime.
III.3 Purely discrete case
We now consider situations where  = 1 and eB/~ =
2pi/N , where N is a positive integer. The Hilbert space
is then made of N -periodic functions on the q-axis and
is therefore of dimension 2N . Assuming the square grid
infinite in the r-direction, the momentum p¯ = p/~ lies in
an interval of length 2pi, say (0, 2pi). Suppose now one
wants to investigate NCG in QWs using the same type
of approximation as the one used in the quantum me-
chanical treatment. One would have to consider walks
whose extension in the q-variable is much smaller than p¯.
But the extension of a walk cannot be smaller than the
grid step, which is unity, and p¯ is never much larger than
unity, because it is in (0, 2pi). Thus, the approximation
used in the quantum mechanical treatment never applies
to discrete autoata like QWs. But the other way to ex-
hibit NCG, which is based on averaging, does work, as
can be seen in Example 1 below.
III.3.1 Example 1
Consider a walk with vanishing mass m, so θ+ =
−θ− = pi/4. The equations of motion simplify into
φLj+1,q = cos(2βq)φ
L
j,q+1 + sin(2βq)φ
R
j,q−1
φRj+1,q = − sin(2βq)φLj,q+1 + cos(2βq)φRj,q−1. (13)
The coefficients in these equations are 2pi-periodic in p¯.
Let us now specialise to the first non-trivial case i.e.
N = 3 and choose {0, 1, 2} as spatial periodicity set. The
time-independent eigenvectors of the dynamics satisfy
λφL0 = cos(2β0)φ
L
1 + sin(2β0)φ
R
2
λφR0 = − sin(2β0)φL1 + cos(2β0)φR2
λφL1 = cos(2β1)φ
L
2 + sin(2β1)φ
R
0
λφR1 = − sin(2β1)φL2 + cos(2β1)φR0
λφL2 = cos(2β2)φ
L
0 + sin(2β2)φ
R
1
λφR2 = − sin(2β2)φL0 + cos(2β2)φR1 . (14)
A direct computation reveals that the characteristic
equation obeyed by λ is
λ6 − 3
4
λ4 − cos(3p¯)
2
λ3 − 3
4
λ2 + 1 = 0. (15)
The spectrum is thus 2pi/3-periodic in p¯. On the period
(0, 2pi/3), the spectrum is also symmetric with respect
to p¯ = pi/3. The dynamics is unitary, so all eigenval-
ues lie on the unit circle. Since all coefficients in the
characteristic equation are real, the solutions appear as
couples of complex conjugates (exp(iθ), exp(−iθ)) with,
say, θ ∈ (0, pi). A numerical computation shows that the
characteristic equation admits generically 6 distinct solu-
tions on the unit circle, except for p¯ = 0, pi/3, 2pi/3, 4pi/3,
where the equation only admits 5 distinct solutions. Fi-
nally, the eigenvalue/vector problem is invariant under
the following two transformations:
p→ p+ 2pi/3,Φ0 → Φ1,Φ1 → Φ2,Φ2 → Φ0
p→ p+ 4pi/3,Φ0 → Φ2,Φ1 → Φ0,Φ2 → Φ1. (16)
We now focus, for each value of p¯, on the eigenvalue
corresponding to the smallest positive value θs of the
angle θ, which is the discrete equivalent of the lowest
positive energy. Figure 1 presents θS as a function of p¯
on the period (0, 2pi/3). Each of the corresponding nor-
malised eigen-vectors generates a probability law on the
set {0, 1, 2}, and this law can be used to define and com-
pute the average < q > as a function of p¯. This function
A is 2pi-periodic, as are the coefficients of the equations
obeyed by Φ. It is plotted in Figure 2.
NCG follows from the above results by the following
reasoning. Let f by an arbitrary, possibly q-dependent
function of r. Its discrete Fourier transform
fˆ(p¯) =
1√
2pi
∑
r
fr exp(−ip¯r) (17)
is defined for pˆ ∈ (0, 2pi), and the inverse transform reads
fr =
1√
2pi
∫ 2pi
0
fˆ(p¯) exp(ip¯r)dp¯. (18)
c It follows from the second of these equations that
rfr =
1√
2pi
∫ 2pi
0
fˆ(p¯)r exp(ip¯r)dp¯
=
1√
2pi
∫ 2pi
0
fˆ(p¯)
(−i∂p¯ exp(ip¯r)) dp¯
=
1√
2pi
∫ 2pi
0
(
i
dfˆ
dp¯
)
exp(ip¯r)dp¯ (19)
where an integration by parts and the identity
fˆ(2pi) exp(i2pir) = fˆ(0) exp(i0 × r) have been used to
obtain the last equation. This shows that the opera-
tor rˆ is identical to the operator id/dp¯ and that there-
fore
[
rˆ, ˆ¯p
]
= i or, if one prefers, [rˆ, pˆ] = i~. Using
< q >= A(p¯) then delivers
[rˆ, < qˆ >] = iA′(ˆ¯p). (20)
As seen in Figure 2, the function A and thus its derivative
can be inverted locally, but not globally. Thus, locally,
(20) transcribes into an equation of the form
[rˆ, < qˆ >] = iB(< qˆ >) (21)
where B is a non-linear function.
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FIG. 1. Example 1. Angle θS as a function of the reduced
momentum variable p¯.
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FIG. 2. Example 1. Average position < q > as a function of
the reduced momentum variable p¯.
III.3.2 Example 2
Consider now a walk with m/~ = pi/2, so that θ+ =
pi/2 and θ− = 0. The equations of motion for φ read
φLj+1,q = ie
2iβqφRj,q−1
φRj+1,q = ie
−2iβqφLj,q+1. (22)
Choosing as spatial periodicity set {0, 1, N − 1}, the
time-independent eigenvectors of the dynamics satisfy
λφL0 = ie
2iβ0φRN−1
λφRN−1 = ie
−2iβN−1φL0
λφL1 = ie
2iβ1φR0
λφR0 = ie
−2iβ0φL1
· · ·
λφLN−1 = ie
2iβN−1φRN−2
λφRN−2 = ie
−2iβN−2φLN−1 (23)
where λ is the associated eigenvalue. This system of 2N
equations splits into N independent systems of 2 equa-
tions and each system of 2 equations admits the same
eigenvalues λ± = ±eipi/N . There are therefore only two
energy levels E± = ~pi(1/N + 1/2 ± 1/2), which are in-
dependent of p, but each level is N times degenerate.
Each of the eigenvectors is localised on a couple of points
(q − 1, q) with the convention that q − 1 = N − 1 for
q = 0. The only non-vanishing components of the nor-
malised eigenvectors localised at (q − 1, q) are
φLq =
1√
2
φRq−1 = ±
i√
2
eip/~e−ipi(1+2(q−1))/N , (24)
with q− 1 = N − 1 if q = 0. The eigenvectors do depend
on the momentum p, but the associated probability den-
sities do not. Thus, p has no influence of the probability
law for the position of the walker and non-commutative
geometry in the sense of the previous sections is not re-
alised for these walks.
IV. DISCUSSION
We have shown that NCG can be simulated with QWs.
We have focused on the Landau problem, which describes
the dynamics of a point particle in a uniform magnetic
field. We have first revisited this problem in the con-
texts of classical mechanics and of spinless non relativistic
quantum mechanics. We have then switched to so-called
magnetic QWs, which model the relativistic dynamics of
a spin 1/2 quantum particle immersed in a magnetic field.
We have shown that NCG is always realised in magnetic
DQWs at and near the continuum limit. NCG can also
be realised in the purely discrete regime, if the structure
of the walk is rich enough. To show that NCG does not
arise for all walks in the discrete regime, we have finally
studied a specific, highly degenerate magnetic walk where
NCG does not occur. The general conclusion is that NCG
can be simulated with QWs, for example through quan-
tum optics experiments. Let us now discuss all these
results.
The treatment of NCG in the classical and quantum
mechanical Landau problem proposed in this article dif-
fers from the existing ones in several respects. It has been
known for a long time that NCG can arise through an
approximation in the classical and quantum mechanical
Landau problem, but previous presentations do not ex-
hibit a dimensionless parameter controlling this approx-
imation. We have identified this parameter and given
its physical interpretation. As a consequence, we have
shown that, at fixed value of the integer n which in-
dexes the oscillatory Landau levels, NCG arises for small
enough values of the magnetic field, and not large val-
ues, as has been sometimes previously asserted based on
heuristic reasoning. Note that the only previous non
heuristic derivation of NCG in the classical and quan-
tum mechanical Landau problem is based on restricting
the Hilbert space allowed to the particle and this pro-
cedure does not involve a dimensionless infinitesimal i.e.
it is a formal procedure which cannot be interpreted in
usual physical terms as the consequence of neglecting a
certain quantity with respect to another one having the
same physical dimension.
6We have also shown that NCG arises in the classical
and quantum mechanical Landau problem independently
of any approximation if one considers the average posi-
tion of the particle. This comes from the fact that, in
all classical solutions and in the all quantum mechanical
energy eigenstates, the average of one coordinate, say x,
is proportional to the momentum associated to the other
coordinate y. This new result is important for two rea-
sons. First, because it shows that NCG is intrinsic to the
Landau problem, and is not an approximate property of
the dynamics valid only for small (or large) enough values
of the magnetic field. Second, because it is this approach
in terms of the average position operator that can be
extended to encompass discrete automata like QWs.
The extension to QWs at or near the continuum limit
deserves only a few comments. The limit itself and its
first order perturbations have already been studied in
depth in [13]. The continuum limit obeys a Dirac equa-
tion. This equation can be reduced to the dynamics of
two coupled harmonic oscillators and the components of
the energy eigenstates are therefore very similar to the
energy eigenstates of the quantum mechanical Landau
problem. The discussion of NCG geometry therefore
proceeds in a similar way. Considering first order per-
turbations around that continuum limit does not change
drastically thee picture. In particular, the average po-
sition operator of one coordinate is still proportional to
the momentum of the other coordinate.
Things however do change a lot when one considers
magnetic QWs away from their continuum limit. The
general analytical determination of the energy eigen-
states does not seem feasible. We have therefore con-
centrated on two examples which correspond to values
of the mass for which the equations of the walk simplify.
The first example corresponds to a vanishing mass and is
clearly the less degenerate of the two. In that case, NCG
exists in the discrete regime, but it is much more complex
than the NCG envisaged in the previous sections. Indeed,
the average of one coordinate, say x is again a function
of the momentum p associated to the other coordinate y,
but this function is neither linear nor globally invertible.
The commutator of the expectation value < xˆ > and yˆ
is therefore not constant, but a function of pˆ, and this
function can be inverted and written in terms of < xˆ >,
but only locally. The NCG that emerges is thus quite
different from the simplest one encountered in the con-
tinuous case. This new NCG is both discrete and non
linear. It is controlled by the variable pˆ, which can be
expressed in terms of < xˆ > only locally.
The second example is engineered to make the equa-
tions of motion of the walk as degenerate as possible. Be-
cause of the degeneracy, the wave-functions of the energy
eigenstates depend exponentially on p, so the associated
densities actually do not depend on p. It follows that the
expectation value < xˆ > does not depend on pˆ and there
is no NCG is this degenerate case.
Let us now conclude by mentioning a few possible ex-
tensions to this work. One should first concentrate on
the same family of magnetic walks and determine which
walks generate NCG. The examples worked out in this
article suggest that NCG will appear in all walks except
the most degenerate ones, but confirming this statement
and investigating exactly what the NCG looks like for
various values of the parameters, i.e. for example how
the non vanishing commutator depend on the impulse
variable, will clearly prove instructing. One should then
consider other magnetic and electromagnetic walks, be
they defined on the same grid, but with other unitaries, or
be they defined on other grids, even possibly on graphs.
Exploring how NCG appears in QWs simulating other
physics than electromagnetism should also prove worth-
while. The results presented in this article that NCG also
exists in other discrete models such as LGTs. If a dis-
crete NCG does arise in LGTs and how it differs from the
discrete NCG of QWs remains to be determined. Finally,
the occurence of NCG in quantum walks, which are a uni-
versal computational primitive, makes one wonder about
the consequences of NCG in quantum algorithmics.
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